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FAST VERSION OF THE STRUCTURE ADAPTED
MULTIPOLE METHOD-EFFICIENT
CALCULATION OF ELECTROSTATIC FORCES
IN PROTEIN DYNAMICS

CHRISTOPH NIEDERMEIER and PAUL TAVAN!

Institut fiir Medizinische Optik, Theoretische Biophysik Ludwig-Maximilians-
Universitdt Miinchen Theresienstrafle 37, D-80333 Miinchen, Germany

(Received September 1995; accepted September 1995 )

Traditional algorithms for evaluation of electrostatic forces in molecular dynamics simulations of pro-
teins require computational work of the order O(N?) for a system of N atoms. Truncation methods, which
try to avoid that effort, entail intolerably large errors in forces, energics and other observables. Hierarchi-
cal multipole methods allow rapid and correct evaluation of electrostatic forces. We describe an improved
version of the Structure Adapted Multipole Method (SAMM) which not only scales with O(N) but also
works as fast as truncation algorithms. Unlike the latter it manages to reproduce electrostatic forces with
an error below 1%.

KEY WORDS: Molecular dynamics, protein dynamics, electrostatic forces, hierarchical multipole methods,
structure adaptivity.

1 INTRODUCTION

Molecular dynamics (MD) simulations of proteins currently are restricted to rela-
tively small systems of some thousand atoms and short simulation periods of a few
nanoseconds. A description of biologically important processes which occur on
much longer time scales requires the development of correspondingly more efficient
algorithms. Of particular importance is the computation of long-range electrostatic
interactions because, when carried out exactly that computation scales with O(N?).
Commonly used truncation methods scale linearly with N but lead to considerable
errors in forces, energies and other observable quantities. These errors are too large
for acceptable descriptions of proteins [1-3].

In contrast, hierarchical multipole methods allow a much more accurate compu-
tation of electrostatic forces with an algorithmic complexity of O(N log N) or even
O(N). In particular, the Fast Multipole Method (FMM) proposed by Greengard and
Rohklin [4, 5] allows to calculate forces at arbitrary numerical accuracy. FMM uses
a hierarchy of cubic grids for decomposing space at different levels of resolution. For
each cell, a multipole expansion is used to represent the electrostatic force field

'To whom reprint requests should be addressed.

57



19:19 14 January 2011

Downl oaded At:

58 C. NIEDERMEIER AND P. TAVAN

arising from the charges located within the cell. Use of a sophisticated scheme of
hierarchical Taylor expansions for calculating forces from the multipole expansions
enables the aforementioned algorithmic complexity of O(N). Unfortunately, as com-
pared to truncation methods considerable computational overhead is associated
with FMM [6-8].

It is the purpose of this contribution to show how FMM strategies can be
employed for the design of a method that allows computation of electrostatic forces
much more accurate but as efficient as truncation methods. Instead of decomposing
a system rigidly into a hierarchy of cubic cells, that methods takes advantage of
intrinsic dynamical and structural properties of proteins for the decomposition. The
improved method presented below scales with O(N) and extends the Structure
Adapted Multipole Method (SAMM) [9] which exibited an O(N log N) scaling
behavior.

For a description of our new methods, we first summarize the basic features of
SAMM. After that we explain how SAMM and FMM are merged into an enhanced
algorithm whose accuracy and computational efficiency we compare with that of
other methods.

2 SAMM ALGORITHM

Proteins are characterized by a hierarchy of structural properties. SAMM takes
advantage of these properties in order to achieve an efficient hierarchical description
of the electrostatic force field. In the following, we will briefly explain which struc-
tural properties of proteins are exploited for the purpose and how electrostatic
forces are calculated. For closer details see Refs. {9, 10].

The basic idea of SAMM-and hierarchical multipole methods in general—is to
approximately calculate the electrostatic force field arising from more distant parts
of a system by multipole expansions of their charge distribution. At a chosen level of
accuracy, according to the convergence criterion for multipole expansions the scales
for coarse graining of the system may be chosen to increase with the distance
between its interacting parts. The electrostatic potential acting on a particle at r; can
be expressed as

o) = 3 On), )

where ®@,(r;) denotes the electrostatic potential arising from parts of the system in a
distance range [R,, R, . ,]. These distance ranges correspond to levels k of a struc-
tural hierarchy. As far as traditional multipole algorithms are concerned, that hier-
archy is defined somewhat arbitrarily by a series of cubic grids. SAMM however
employs a structure adapted hierarchical scheme as described in Figure 1. Groups of
particles at different levels of the hierarchy are called objects. The left and central
columns of the Figure show the object hierarchy and its definition by a bottom-up
strategy. The lowest level of the hierarchy (level 0) corresponds to interactions between
partially charged atoms at small distances. Level 1 corresponds to interactions
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Figure1 Structure adapted hierarchical description of polar biological macromolecules.

between small chemical building blocks, so-called structural units. SAMM distin-
guishes between three types of structural units: charged, dipolar and neutral. Where-
as the first two types are relevant for electrostatic interactions, neutral units exclus-
ively consist of uncharged atoms which are subjected only to binding and van der
Waals interactions. Therefore they are not shown in the Figure. Further below we
will explain how these types are defined for protein-water systems. The objects on
level 2 are either charged units or clusters of dipolar units. In the current implemen-
tation of SAMM charged units are not clustered because in proteins their number is
small compared to the number of dipolar units. Clusters of dipolar units are formed
by using self-organizing and adaptive vector quantization techniques (see Ref. [10]).
Currently, the algorithm is restricted to three levels (n = 2) but more levels may be
introduced [12] as indicated in Figure 1. The right column of the Figure shows how
interaction lists are constructed. Objects on level k interact with each other if their
center-to-center distance is larger than R,. Otherwise, they are split up into sub-
objects defined on the next lower level. By using a top-down strategy which starts at
the topmost level interaction lists for all levels are obtained. Based on these interac-
tion lists we constructed two alternative methods for evaluation of electrostatic
forces. The previous method proposed by us in [9] will be sketched below. The
improved methods adopted from FMM will be described in the next section.
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For protein-water systems, the three types of structural units mentioned above are
defined as follows: (i) water molecules and peptide groups form dipolar units;
(ii) charged amino acid side chains as well as N— and C— terminal groups of the
polypeptide chain form charged units; (iii) uncharged amino acid side chains form
either neutral or dipolar units. Other groups as chromophores or lipids can be
represented similarly (see Ref. [10]). Figure 2 illustrates this procedure for a peptide
sequence of three amino acids. In the Figure, only those polar hydrogens that are
explicitly represented in MD simulations are shown. The CHARMM parameter set
PARAM19 is used for assignment of partial charges to atoms [11].

The electrostatic field of charged and dipolar objects is represented in a simple
way: Only the lowest non-vanishing multipole moments are taken into account
whereas all higher moments are neglected. Accordingly, charged objects are modeled
by charges, dipolar objects by dipoles. Since in contrast to all higher multipole
moments the lowest non-vanishing multipole moments are independent of the refer-
ence point, that representation can be optimized by selecting the reference point
such that the contribution of the lowest neglected multipole moment is minimized
[9]. For a charged unit that criterion simply yields the center-of-charge

r=% @

charged

unit \

neutral
units

dipolar / Ala .

units

Figure 2 Structural units for the amino acid sequence X-Ala-Glu-Ser-Y.
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as its reference point, where r, denotes the position and ¢, the partial charge of atom
i, and the dipole moment vanishes. For a dipolar unit one finds for the optimal
reference point

1

12{)4(9('3"9)9, ?3)

1 =
"a=§?QOP—

with p = ¥,q;r; and Q% = ¥,4,(3r,,7;5 — 2 9,5). As a result the largest principal com-
ponent of the quadrupole tensor vanishes, i.e. it becomes “flat”.

Evaluation of electrostatic forces follows a pseudo-particle scheme adopted from
stellar dynamics whose scaling behavior is O(Nlog N). The scheme is illustrated in
Figure 3. Each partial charge in the system interacts with partial charges closer than
R,, with structural units in the range [R;, R,], with aggregates and charged units
(level 2) etc. The interaction partners at a certain level are determined by treating
each pair of objects A and B in the interaction list of that level (see Figurel) as
follows: Partial charges contained in object A interact with the charge or dipole
moment of object B and vice versa. Thus, partial charges directly interact with
objects of the hierarchy; these objects are looked upon as “pseudo-particles” carry-
ing either charges or dipole moments.

3 IMPROVEMENTS

A faster method for computation of electrostatic forces can be adopted from FMM
[5]. That method employs local descriptions of the electrostatic field by means of
Taylor expansions. At each level of the hierarchy, such local expansions are deter-
mined for all objects where the centers of the objects are used as reference points.

partial charge

q, at atom 1 dipoles and

monopoles

partial charges
q; at atoms J dipole clusters
and monopoles

Figure 3 Pseudo-particle scheme for evaluation of electrostatic forces.
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Interactions between objects are evaluated by transforming the multipole expansion
referring to an object into a local expansion at the other object. As compared to the
pseudo-particle method mentioned above such a treatment of interactions contains
an additional approximation and, therefore, is expected to be less accurate. On the
other hand, local expansions can be determined by a hierarchical strategy that
enables the desired overall O(N) scaling behavior.

Local Taylor expansions of the electrostatic potential are determined with respect
to the optimized reference points x of the respective objects. We found that a local
expansion up to the second order in the relative position vector p is sufficiently
accurate for our purposes. Corres>ponding1y, the Taylor expansion of the potential at
position x + p reads o

3 3

> 1
B+ p)=S"(x)+ ¥ Vi t+5 L Y To(Xpapp “

a=1 a=1p=1

where p, denote the components of p. Corresponding expansions of the cartesian
components of the force Fy(x+p) are obtained by computing the gradient of
®(x + p) with respect to x. We have to determine these expansions only for interac-
tions with charges and dipoles. The computational effort associated with this task
can be reduced by exploiting relations between the coefficients of the expansion of
the potential and those of the force components as well as symmetry relations (see
Ref. [10]).
For interaction with a charge @ the coefficients of the potential read

5% =2 O
V= - S, ©
TH0 =y, - 5, )
whereas for interaction with a dipole p we obtain
Sx) = ’% ®)
Ve = - Pt o, o)
T 0= 5%y — sy 4 pyxd — 05 g (10

Corresponding coefficients for the force can be easily derived.

Figure 4 explains the hierarchical strategy of force computation based on local
expansions. For the sake of simplicity, we discuss the case n =2, i.e. a hierarchy with
three levels. At each level k>0, the interactions specified by the corresponding
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Figure 4 Fast strategy for evaluation of forces demonstrated for a three-level hierarchy.

interaction list are converted into local expansions. Those expansions are added up
for each object (symbol “summation”). Additionally, each object inherits a contribu-
tion from the next higher level which is obtained by transforming the local expan-
sion of its parent object (symbol “transformation”). The transformation consists in a
shift of the reference point of the expansion from the center x of the parent object to
the center x’ of the child. The transformation rules for the coefficients of the poten-
tial are given by

3 3 3
SP(x)=Sx)+ Y Vf(x)Axa+% Y ¥ To(x) Ax,Axg, (11
a=1 a=14=1
3
V) = Vo) + Y TS0Ax,, (12)
B=1
T'3p(x) = Top(x), (13)

where Ax, denote the components of the shift vector Ax = x’ — x. The components
of the force transform accordingly (see Ref. [10]). Local expansions at charged units
do not have to be transformed (see right part of Figure 4) since these units are not
clustered. The top-down procedure for determination of local expansions stops at
level 1. There, long-range electrostatic interactions are computed by evaluating the
local expansions at the positions of individual particles (also marked with symbol
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“transformation” at the transition to level 0). Short-range contributions are com-
puted by evaluating pair interactions with nearby particles as specified by the inter-
action list for level 0. By adding up both contributions, total electrostatic energies
and forces are obtained.

Efficiency and accuracy of the algorithm described above were investigated by
performing several MD simulations of the membrane protein bacteriorhodopsin
{BR) which consists of about 2400 particles, 1800 of them charged. MD simulations
were carried out over 10000 time steps of 1fs. We compared the following algorithms
for computation of electrostatic interactions:

REF: direct evaluation of all pair interactions

CUT: truncation algorithm with cutoff radius 10 A

SAMM-1: SAMM with pseudo-particle method (R, = 10 A, R, = 16A)
SAMM-2: SAMM with fast multipole method (R, = 10A,R, = 16 A)

Beside electrostatic interactions van der Waals interactions are treated differently as
well: REF and CUT compute van der Waals interactions along with electrostatic
interactions whereas the SAMM algorithms consider van der Waals interactions
separately by a truncation algorithm within a cutoff distance of 8 A

We investigate accuracy and computational efficiency of methods CUT, SAMM-1
and SAMM-2 by comparisons with REF. To assess the numerical error of energy
contributions we consider the rms error of all atomic energies

N ol 172
YV IE —E
5‘( LINTE ) ’ (14

where E; denotes the energy contribution of atom i as determined by REF, E| the
approximate value and N the number of particles. Analogously, we use

N b _EF\12
,,=<M_ﬂ> (15)

§v=l !Filz

for the investigation of forces. Computational efficiency is measured by t = AT/AT
where AT denotes the average computer time per MD time step for simulation REF
and AT the corresponding computer time for the method under consideration.
Table 1 shows computational efficiencies! as well as rms errors of various contri-
butions to atomic forces and energies. The error values were obtained by taking
time averages of rms errors determined every 10 time steps. The data show that
SAMMS-2 produces only slightly larger errors than SAMM-1 whereas the errrors
produced by CUT are larger by more than a factor 15. Only van der Waals forces
and energies are represented more accurately by CUT because the cutoff distance is
larger in that case. Furthermore the table shows the disproportion between the
accuracy of van der Waals forces and electrostatic forces produced by CUT whereas

'Benchmarking runs were performed on a HP 735 workstation; other machines may produce slightly
different results.
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Table1 Computational efficiency and time-averaged errors of force and energy contributions. “ES”
denotes electrostatic contributions, “vdW” van der Waals contributions and “total” total forces.

method error in % efficiency
forces energies
vdW ES total vdW ES vdW + ES
CUT 0.175 12,9 3.68 573 20.6 20.1 8.11
SAMM-1 0.562 0.804 0.256 13.5 1.04 1.51 6.24
SAMM-2 0.560 0.876 0.276 135 1.09 1.54 8.09

SAMM exhibits no such disproportion. The two versions of the SAMM algorithm
differ clearly in computational efficiency. SAMM-1 is about 30% slower than
SAMM-2 which is as fast as CUT.

4 CONCLUSIONS

We demonstrated in this paper that the computational efficiency of SAMM can be
increased by combining the method with an algorithmic strategy adopted from
FMM. Truncation of Taylor expansions after the second order term produces errors
which are only slightly larger than those produced by the previous version of
SAMM. However, the computational efficiency of the method is increased consider-
ably. The new version of SAMM is now as fast as truncation methods with a cutoff
distance of 10 A but manages to reduce errors of electrostatic forces by more than a
factor of 15 to somewhat less than 1%.The rms error of the total forces turns out to
be as low as 0.25%. This represents a considerable progress in comparison with
truncation methods. However, whether SAMM is suited for replacing truncation
algorithms not only depends on its accuracy but also on its influence on dynamical
properties of the simulation system. Due to the approximations employed artificial
noise forces arise which could spoil the quality of the simulation in spite of the
improved accuracy of force calculation. We will address this problem and its solu-
tion in a forthcoming publication [10, 13].
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